ABstrACt
The practical advantages of quantifying an angle by a ratio of linear lengths instead of arcs of circles has led to the definition of the prism-diopter, a conventional unity for numbering prisms and measuring strabismic deviations. However, a major inconvenience of using prism-diopter unities to express angular measurements is the non-linearity of the scale, which reaches an infinite value for the angle of 90°, then becomes negative, with decreasing magnitudes for increasing angles between 90° and 180°. As a consequence, arithmetical operations and comparisons of angles measured by such unities present errors of very great magnitudes. In order to retain the advantages of defining an angle by straight line dimensions but to diminish the severe inconveniences of this method, a new definition of the prism-diopter is proposed. Here, instead of defining the prism-diopter by the asymmetrical condition, the conception of this new unity is based on a geometrically symmetrical condition; that of the relationship of an isosceles triangle (where the leg is perpendicular to the bisector of the angle and the bisector itself ). The condition of symmetry for the definition of the new unity represents a conceptual advance because it reproduces the already well accepted, conventional criteria for quantifying the value of a prism, that of its minimum deviation. Furthermore, it corresponds to the most commonly observed clinical conditions of binocular balance. The absolute differences between the unitary values of the prism-diopter and that of the new unity are negligible (0.0025%), but the scale of values expressed by the new unity is closer to the ideal scale of angular measurements. (With the new unity, the infinite value is only reached for an angle of 180° and the errors due to arithmetical operations are much smaller.) Numerical examples showing the advantages of using the new unity of angular measurements instead of the prism-diopter are presented. A mathematical generalization of the modifying concept (partition of an angle) with which the new unity is based is also provided. Figure 1 ) and meter (m) for the "distance" (AL in Figure 1 ) at which the measurement is realized. Thus, one of the quantities is expressed by a metrical unity that is the centesimal part of the other. To equalize the measurements and allow the definition to be valid for any scale of unities (e.g., inches), p' has to be expressed as p:
Keywords
P' = LR (cm)/AL (m) → P = 100 LR/AL The conversion of such a ratio to the corresponding arcuate measurement, that is, the relationship between the linear lengths ratio and the angle expressed in arc degrees (or in radians), is calculated trigonometrically. Thus, the angle (a) in arc degrees is related to its value expressed in prism-diopters (p) by a = arc tan (P/100) or P = 100 tan a so that, if LR = 1 (cm) and AL = 1 (m), then P=1 Δ, and therefore a = arc tan 0.01 ≈ 0.572938697°. Or, conversely, if a=1°, then tan 1 o ≈ 0.017455064 ≈ P/100, and therefore P ≈ 1.745506493 Δ . Note also that it is generally accepted that 4° ≈ 7 Δ . Furthermore, note that the prism-diopter is numerically almost equal to the centesimal part of the radian, the centrad (= 1.8/π = 0.572957795°), a unity proposed by Dennet (2) at the same time that the prism-diopter was proposed (1888-1890). In fact, for the great majority of practical purposes they can be considered to be equivalent, since one prism-diopter is only 0.003333133% smaller than one centrad, and 30001 Δ ≈ 30000 centrads.
However 
BAsis of A new unity of AngulAr meAsurements
I propose a very simple modification to the definition of the prism-diopter unity, originally proposed by Prentice, that does not substantially alter his idea. This modification avoids some of the inconveniences of the original unity and reduces the quantitative distortions produced by its measurements (3, 4) . The new unity, which retains the concept of an angle implying a separation of 1 cm at 1 m, is hereafter designated the unity of deviation, or the prismatic unity, and is represented by the capital Greek letter lambda (Λ) as a superscript to the quantity of the measurement. This allows for differentiation from the prism-diopter, represented by the capital letter delta, Δ. However, it employs symmetrical distribution relative to the vertex point (of observation), instead of the asymmetrical distribution used in Prentice's proposition (Figure 2 Table 1 shows the relationships between values expressed in arc degrees, centrads, P and U, as well as the relative errors when such unities (P and U) are used.
An error of 5% for values referred to in prism-diopters relative to the corresponding values in centrads (c) is reached for an angle of a=21.5529636° (c=37.617 crad, P=39.498 Δ , U=38.067 Λ ). This angle is frequently observed in clinical practice. However, the same error of 5% for values produced by the new unity of deviation relative to the values expressed in centrads is only reached for an angle of 2 u = a = 43.1059274° (c=75.234 crad, P=93.598 Δ , U=78.996 Λ ). This angle is exactly double that which gives the same error when the prism-diopter unities are used. (For such an angle, the error in prismdiopters is 24.41%).
With respect to the refractive action of a prism, it is important to note that the prism-diopter unity is based on the concept of a deviation occurring at only one surface of a prism [called the Prentice's condition (Figure 3a) ]. However, the new unity of angular deviation is related to the concept of a symmetrical deviation, known as the condition of the minimum deviation (Figure 3b ). Coincidentally, this is the deviation with which the prism is conceptually quantified.
The concept of measuring angles by linear dimensions may also be used for other unities of length. For instance, if a diplopia subject observes that duplicate images of an object placed at 5 ft appear to be separated by 30 in, the deviation may be calculated as equal to (100/12) × (30/5) = 50^. Here, the expression (100/12) represents 100 times the quantity of inches in a foot (12), that is (25/3) ft/in. Therefore, 3 in/ft = 25^, which also means that for a distance of 15 ft, each 9 in equals 5^ (100/12) × (9/15) = 5^ = (25/3) (ft/in) × (9/15) (in/ft).
Similarly, one may also use another ratio for expressing the measurement of an angle if the length measurements are given in inches and yards (1 yd = 36 in). Thus, the angle is given by (100/36) (yd/in) × Δ , but U=47.214^).
figure 3. (i):
The criteria with which the new unity for measuring angles is defined is that of the condition of the minimum deviation. This is classically accepted as the most convenient for expressing the "power" of deviation (i.e., the value) of a prism. In this condition, the incident and the emergent rays are completely symmetrical and the path of the light within the prism is perpendicular to its bisector. (ii): The unitary angle of a prism-diopter is related to the concept of a deviation occurring at only one of the refractive surfaces of a prism, the so-called Prentice's condition (angle of incidence is zero, i.e., the wavefronts of the incident light perpendicular to the "entrance" face; or angle of refraction zero, i.e., wavefronts of the refracted light perpendicular to the "exit" surface). Note that although the distances LA=MB, besides LR, are equal for both conditions, the angle LAR=a (whose tangent expresses one-hundredth of prism-diopters, tan a=0.01 p), is not equal to the angle LBR=u (where the tangent of each half-part expresses five-thousandths of the new unity, tan (u/2) = 0.005 u).
the length measurements (in/yd). Hence, by approximation, 9 in/yd = 25^ and angle (^) ≈ 2.8 × (in/yd). Thus, a diplopic separation of 50 in for a distance of 7 yd represents a deviation of approximately 20^.
prACtiCAl ConsiderAtions And ConClusions 1) The very practical conveniences of using the dimensional relationships between straight lines for measuring angles instead of considering the arcs of circles, originally led to the introduction of the prism-diopter as a unity of angular measurements. Due to its advantages, the prism-diopter became commonly used for measuring angles in ophthalmological practice. However, its non-linear scale represents a major practical drawback. It is advisable to retain the advantages of using relationships between straight dimensions (linear distances) for measuring angles. It is also scientifically advantageous to decrease the implicit errors of the scales using such a concept. The new unity for angular measurements presented here fulfills both of these requirements.
2) The adoption in ophthalmological practice of the new unity proposed for measurements of angles of binocular deviations, does not require that prisms where respective values of a face are given in prism-diopters, need to be abandoned. It is sufficient to correct the angular values by the proper rate of conversion (using a formula or a table).
3) The new unity of angular measurements is defined according to a geometrically symmetrical condition. This is similar to the conditional criteria conventionally adopted to express the value of a prism (that is, the conceptual condition of the minimum deviation, Figure  3a) , and is in contrast to the criteria by which the prism-diopter is defined [a deviation occurring at only one surface of a prism, the Prentice's condition (Figure 3b) ].
4) The value of the new unity for measuring angular deviations (1 Λ ) is almost identical to the value of the prism-diopter (1 Δ ) and the centrad (1 crad), but is positioned between the two: 1 Λ = 34' 22.631" = 0.57295302° = 1.000025001 Δ = 0.999991666 crad 5) The small differences between them (1 Λ is 0.0025% greater than 1 Δ and 0.0008% smaller than 1 crad, while 1 Δ is 0.0033% smaller than 1 crad) can be considered negligible for most practical purposes. In a scale constructed for use at a distance of 5 m, the difference in size of intervals expressed by the new unity and the prism-diopter is only 1.25 µm. Because the difference between the new unity of angular measurements and the value of the centrad is less than the difference between it and the value of the prism-diopter, the new unity should be preferentially used.
6) Although the differences between the absolute values of the arc (angle) of one prism-diopter (1 Δ ), one (new) unity of angular measurements (1 Λ ), and one centrad may be considered negligible, the scales with which they are constructed present very important discrepancies. While the scales for crescent angles are always linearly crescent for centrads, they are periodically changed for the unities based on linear measurements (the prism-diopter and, or, the proposed new unity). The critical point of periodicity at which the measurements based on linear unities reach infinite values is 90° for the prism-diopters scale, and 180° for the new unity of angular measurements. From such points, although the actual angles follow a progressive crescent, the corresponding measurements show inverted signals and progressively decrease to zero (Table 1) . Therefore, the use of prism-diopter unities to quantify binocular strabismic deviations between 90° and 180° (which although relatively rare are sometimes encountered), is invalid. 7) When prism-diopter unities are used, angular errors with the ordinarily accepted level of statistical significance (5%) occur for measurements above the value of 39.5 Δ (equivalent to about 21.6°). This represents a relatively frequently observed clinical strabismic deviation and is within the range of many possible ocular rotations.
If the new unity is used the same error will only occur with a measurement of 93.6 prism-diopters. This is equivalent to about 43.1°, or twice the angle with which the limit for the prism-diopter range may be applied. 8) Errors of calculation caused by an improper application of simple arithmetical operations applied to angular measurements expressed by non-linear scales, are far greater when prism-diopter unities are used. 9) Clinical procedures for the examination of binocular deviations directly ahead of the subject are based on a symmetrical condition (the referential point for the binocular fixation is symmetrically placed in front of the subject, between the eyes), as defined by the new unity. Measurements based on the prism-diopter concept require rigorous asymmetrical conditions. That is, they require translational displacements of the head, or of the referential point of fixation, for the correct adjustment of direction of the visual axis of each "fixating" eye ( Figure 4 ).
An extension of the ConCept
It may be noted that the superior performance of angular measurements and operations obtained with the use of the new unity, as compared to the prism-diopter unity method, results in the bipar tition of the conceptual angle of definition with a corresponding trigonometrical compensation. In other words, since the quantity in prism-diopters is one hundred times the tangent of the angle (p = 100 tan a), the quantity with the new unity (U) is two hundred times (i.e., twice) the tangent of half the angle (but not half the value of the tangent of the same angle), u = 200 tan (a/2). Hence 2 P tan (a/2) = U tan a → [2 tan (a/2)]/tan a = U/P = 1 -tan 2 (a/2) If, however, instead of partitioning the angle into two halves it were divided into thirds or quarters, the respective conversions for the new unities (U' and U") would become: a/3 = arc tan (U'/300) or U' = 300 tan (a/3) and a/4 = arc tan (U"/400) or U" = 400 tan (a/4) Or, by generalization a/n = arc tan (Z/100 n) or Z=100 n tan (a/n) where n may assume any numerical value. For a fixation measurement of the right eye (R), the position of the object (A), or of the head, has to be changed.
